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1 Abstract
A Finite Element procedure based on a full implicit backward Euler predic-
tor/corrector scheme for the Cosserat continuum is here presented. Since
this is based on invariants of the stress and couple stress tensors and on the
spectral decomposition of the former, considerable benefits are achieved.
The integration requires the solution of a single equation in a single un-
known, which is a considerable improvement as compared to the system of
seven or four equations required by other approaches available in the liter-
ature for the Cauchy medium. The scheme also allows for a very efficient
treatment of the singularity which affects the apex of most of the existing
yield and plastic potential surfaces. Moreover, no complications arise when
some of the principal stresses coincide. The algorithm has been implemented
in a proprietary Finite Element program, and used for the constitutive model
proposed in part I of this paper. Numerical analyses have been conducted
to simulate a biaxial compression test and a shallow strip footing resting
on a Tresca, Mohr-Coulomb, Matsuoka-Nakai and Lade-Duncan soil. The
benefits of the Cosserat continuum over the Cauchy/Maxwell medium are
discussed considering mesh refinement, non-associated flow and softening
behaviour.
2 Introduction
The rotational degrees of freedom of the Cosserat continuum introduce a
characteristic length which prevents the governing equations of static prob-
lems from loosing ellipticity when localisations occur in materials character-
ized by softening and/or non associated flow. The Cosserat continuum is

























Mesh sensitivity, lack of convergence to the exact solution, dependence of
the thickness of the shear band on the mesh refinement can all be effectively
dealt with. It can also be effective in preventing early crushing of numerical
analyses involving non-associated plastic flow.
Constitutive models for the Cosserat continuum can also be integrated
using a full implicit backward Euler scheme, although this is particularly
time consuming. However, since it is the only unconditionally stable method,
even with very non linear yield and plastic potential surfaces such as those
adopted here, its use is particularly recommended and it is indeed chosen
in this study. Moreover in combination with a consistent tangent operator,
quadratic convergence in the structural Newton loop is achieved.
The classical approach to the implicit integration uses the components of
the strain tensor as the main variables, resulting in a system of seven equa-
tions in seven unknowns to be iteratively solved. An alternative approach
is that proposed by Tamagnini et al. [16] and Borja et al. [2] which is
based on the observation that the tensorial derivative of an isotropic scalar
valued function of that tensor is coaxial with the tensor itself. The spectral
decomposition of the stress and strain tensors is then exploited to use the
principal strains as the main variables, thus reducing the system of equa-
tions and unknown to four. Complications however occur when two of the
principal stresses coincide (e.g. Miehe [8]).
More recently a different approach has been presented by Panteghini
and Lagioia [10] [11] which is based on the use of invariants as the main
variables during the iterations. This considerably improves the efficiency
of the backward Euler scheme since a single equation in a single unknown
needs to be solved to integrate the constitutive relationship. Moreover no
difficulties arise when two or even three of the principal stresses coincide.
This approach presents also another considerable advantage. The De Souza
Neto et al. [3] method can be used to deal with singularities in the yield and
plastic potential surfaces, which results in an extremely stable integration
algorithm. In fact, as reported by Panteghini and Lagioia [10] [11] numerical
analyses of a shallow footing problem, with no lateral surcharge and no
effective cohesion in the failure criterion can be carried out without any
difficulty, provided that an associated flow is adopted. The analysis of that
boundary value problem is usually considered not feasible. However, when
non associated plasticity is considered even this approach is not sufficient to
avoid very early crushing of the analyses.
In this article the Panteghini and Lagioia [11] scheme is extended to the
Cosserat continuum. As shown in what follows the formulation is laborious,
as it requires the evaluation of an elevated number of derivatives and of
fourth order tensors. However the rewards in terms of stability of the Finite
Element program and speed of the analyses is extremely high. The algorithm
has been implemented in a proprietary FE program and numerical analyses
have been conducted to simulate a biaxial compression test on a specimen
2
with a defect inclusion.
The effectiveness of the constitutive model presented in part I of this
paper and of the integration scheme has been tested in extreme conditions.
The very demanding footing problem previously described has been anal-
ysed using a high rate of softening, described by an exponential law, and
a high non-associativeness. Analyses were conducted using failure criteria
which are significant in both research and engineering practice, such as the
Mohr-Coulomb and the Matuoska-Nakai, showing the potentiality also in
real world applications.
3 The backward Euler incremental initial value
problem in terms of invariants
3.1 The general case
The incremental elasto-plastic initial value problem aims at the evaluation
of all stresses, couple-stresses, strains and curvatures at the end of a pseudo





χ is applied and all quantities are known at time tn. To keep
the notation as simple as possible, all quantities at time tn+1 are indicated
without the n+ 1 subscript whilst for those at the beginning of the pseudo
time interval the n subscript is retained.
The integration algorithm presented in this section is an extension to
the Cosserat continuum of that proposed by Panteghini and Lagioia [11] for
the classical Cauchy medium. It is a backward Euler predictor/corrector
algorithm formulated in terms of invariants of stress, couple-stress, strain
and curvature tensors. At variance with other algorithms it requires the
solution of a single equation in a single unknown, resulting in an extremely
fast numerical integration.
The usual assumption is made that the strains and curvatures can be

















The tentative assumption that strain increments over the pseudo time














which is here rewritten exploiting the decomposition of a general second
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and also separating the spherical and the deviatoric parts (note that the















































































































































can then be used to determine the invariants of the stresses and couple stress


























































where the subscript s in the first two invariants refers to the symmetric part
of the deviatoric stress tensor alone.
All quantities for the evaluation of the yield function
f(p, q, θs) = q Γ (θs) +Mcp− σ0 (λ) (9)
in the predictor conditions have been determined. The resulting value, f∗ =
f (p∗, q∗, θ∗s , σ0(λn)) enables to assess whether the tentative assumption of
a completely elastic strain/curvature increment was correct (i.e. f∗ ≤ 0),
hence resulting in all stress, couple stress, strain and curvature predictor
quantities being the actual values at the end of time tn+1.
If on the other hand f∗ > 0 the strain/curvature increment applied
during the pseudo time interval [tn, tn+1] was elasto-plastic and a return
to the appropriate yield surface must be performed to evaluate the correct










































The return algorithm requires the formulation of all stress and couple
stress at the end of the pseudo time interval as a function of the respec-
tive predictor quantities, which is readily done with the exception of the
symmetric component of the deviatoric stress tensor



















































The plastic components in the previous equation can be evaluated in the
standard manner by deriving the plastic potential
g(p, q, θs) = q Γ̂ (θs) +Mcp


































































where ∆λ is the plastic multiplier. The stresses and couple stress at time
tn+1 are hence expressed in terms of their respective predictor quantities









q + 3G Γ̂(θs) ∆λ ˜
µ∗
(13)
This set of equations is not complete, since a similar expression would be



































an explicit dependence on
˜
ssym on its predictor quantity cannot be obtained.
An alternative route can be followed, which was outlined by Panteghini and





s∗sym This is based on geometrical considerations in
the deviatoric plane and is valid only if the elastic strain energy potential is
not dependent on the third invariant, which results in the deviatoric stress
and strain tensors having the same Lode’s angle.
Fig.1 shows a portion of the deviatoric plane in the Haigh-Westergaard
principal symmetric strain space. In that figure εqs indicates the second
invariant of the symmetric deviatoric strain tensor which is energetically
conjugated to the equivalent von Mises stress qs, and
∗ and e superscripts
6




























































































PRODUCED BY AN AUTODESK STUDENT VERSION
Figure 1: Geometric representation in the deviatoric plane of the High-
Westergaard principal symmetric strain space. Elastic predictor, plastic
and final elastic strain (modified from Panteghini and Lagioia [11])
.
are as usual used to distinguish the predictor and the elastic deviatoric




















The figure shows that the actual elastic strain at the end of an elasto-
plastic strain increment is obviously different from the predictor quantity,
and that they are associated to different Lode’s angle. The right hand-
side diagram shows that the difference between those strains represents the
plastic strain increment during that time interval and the radial and circum-
ferential components are highlighted.





s − θs)− εeqs (15)









s − θs)− 3G∆εpqs (17)

















s − θs) (19)
which integrates Eqs.(13) in the definition of stress quantities at the end of
the pseudo time interval as a function of the respective predictor. If this








































− 3GΓ̂ (θs) ∆λ
(20)


































= q∗2 − q∗s
2
so that Eq. 20 becomes




q∗2 − q∗s2 sin2 (θ∗s − θs) (22)
In conclusion, the developments so far presented, result in























where the definition of r has been substituted in Eqs. (13). The meaning
of the last set of equations is that the stress invariants p and q at the end
of the pseudo time interval [tn, tn+1]] are a function of the known predictor
invariants p∗, q∗, q∗s and θ
∗
s and of two unknowns, namely the Lode’s angle
θs and the plastic multiplier ∆λ at the end of time interval tn+1. However,
as shown by Panteghini and Lagioia [10] [11], these two unknown are not















s − θs) (25)
and substituting ε∗qs with q
∗/(3G) using the linear elastic relationship and












The whole framework on which the integration algorithm is based has
been presented. The important results is that all stress quantities at the
end of the pseudo time interval [tn, tn+1] are a function of the predictor
quantities, which are known, and of the plastic multiplier ∆λ alone. Hence
the numerical integration of the constitutive law is obtained by iterating
on a single equation in one unknown. This brings considerable advantages
in terms of machine run-time as compared to classical approaches where a
system of seven equations needs to be solved and also to approaches based
on principal stresses where the number of equations in the system is reduced
to four.
3.2 A particular case
The general mathematical formulation of the return algorithm presented in
the previous subsection shows that the converged Lode’s angle θs at time
tn+1 of the symmetric part of the stress tensor differs from its predictor θ
∗
s .
Eq. (24) is then exploited to reduce the number of unknowns from two to
one.
However a particular case also occurs, which allows a significant sim-
plification of the integration algorithm. Fig.2 shows the plastic potential
section in the deviatoric plane of the Haigh-Westergaard symmetrical prin-
cipal stress space. For symmetry reasons the derivative of the plastic po-
tential with respect to the Lode’s angle Γ̂′(θs) vanishes when θs = −π6 and
θs =
π
6 . Since a particular instance of an implicit integration scheme is here
presented, hence plastic strains are evaluated using the derivatives of the
plastic potential at the end of pseudo-time interval, the converged circum-
ferential plastic strain ∆εpθs also vanishes, as shown by Eq. (26).
Specific shapes of the plastic potential in the deviatoric plane, e.g. those
provided by classical yield/failure criteria, might result in additional Lode’s
angle values where that derivative vanishes. As an example this does not
occur in the case of the Matsuoka-Nakai criterion, whilst an additional π6 ≥
θs ≥ −π6 exists in the case of the Mohr-Coulomb criterion.
1 Another
1The original Mohr-Coulomb criterion presents cusps in the deviatoric plane, however
smooth versions of that criterion are part of the General Classical yield function retrieved
by Lagioia and Panteghini [4] also with the defining parameters derived for that function
by Lester and Sloan [6].
9
Figure 2: Deviatoric section of the plastic potential surface (from Panteghini
and Lagioia [11])
interesting instance is that provided by the von Mises and Drucker-Prager
criteria. These are characterized by a circular deviatoric section, hence
Γ̂′(θs) is identically nil.
When ∆εpθs vanishes no plastic correction of the strain predictor ε
∗
q is
possible in the circumferential direction of the deviatoric plane, hence θ∗s
must coincide with the converged θs (Fig. 1). This also emerges from Eq.
(25). A simplified radial return algorithm can then be used.
It should be noted that not only is θ∗s = θs when Γ̂
′(θs) = 0, but also
the reverse is true, i.e. when Γ̂′(θ∗s) = 0 then θs = θ
∗
s . In fact if θ
∗
s is such
that Γ̂′(θ∗s) = 0 then the converged solution cannot be other than θs = θ
∗
s ,
otherwise two stress predictor characterized with the same θ∗s and Γ̂
′(θ∗s) = 0
could be associated to different values of θs, one of which with Γ̂
′(θs) 6= 0.
This would not be not compatible with the fact that the set of algebraic
solving equations is of implicit type and uses stress predictors as principal
variables.
The main implication of this argument is that given θ∗s it is a priori
known whether a generic or a radial return algorithm can be used, depending
only on whether or not Γ̂′(θ∗s) = 0 . Moreover, when the radial return
algorithm applies, since the converged θs is known already at the beginning
of the pseud-time interval, it is not anymore an unknow in Eqs (23), which
only depends on ∆λ (i.e. there is no need of Eq.(24)).
3.3 Return algorithms
The arguments presented in the previous subsection indicate that a general
































































































PRODUCED BY AN AUTODESK STUDENT VERSION
Figure 3: Selection of the appropriate return mapping algorithm. Modified
from [3]
models, e.g. those used in perfect plasticity, adopt classical yield/failure
criteria to define the yield and the plastic potential surfaces ( non associ-
ated plasticity typically being achieved by choosing different sets of defining
parameters). Such criteria are characterized by linear meridional sections
which generate a cusp at the apex of the surface toward the origin of the
stress space. In the case of the plastic potential this results in an undefined
plastic flow normal, which is particularly problematic when backward Euler
implicit integration schemes are adopted. However this issue can be very
effectively handled using the approach proposed by de Souza Neto et al. [3],
which then requires the formulation of a third return algorithm.
The cusp at the apex is associated to the lack of continuity of the first
derivative of its defining function and has been a major topic of discussion
and research, particularly in the Soil Mechanics community. It has very
often been considered an unwelcome feature of numerous functions and many
attempts have been made to smoothen their apex (e.g. Abbo and Sloan [1],
Panteghini and Lagioia [12]).
However Panteghini and Lagioia [10] performed Finite Element analy-
ses of a shallow foundation problem using a classical criteria to define the
yield and plastic potential surfaces characterized by the apex singularity and
compared the results of either modifying the original formulation to provide
smoothness or adopting the de Souza Neto et al. [3] approach. The analyses
showed that the latter approach is considerably more efficient, resulting in
reduced machine run-time.
Since the constitutive model adopted in this study also uses classical
yield/failure criteria together with the de Souza Neto et al. approach, three
different return algorithms are required The first two apply the mathemat-
11
ical developments described in the previous subsections and are mutually
exclusive, the one to be used being know a priori on the basis of the pre-
dictor Lode’s angle. The first algorithm is valid when Γ̂′ (θ∗s) = 0 which
corresponds for plastic potentials with non-circular deviatoric sections to
predictor Lode’s angles θ∗s = ±π6 , whilst for other (e.g. the Mohr-Coulomb
failure criterion) also to an additional intermediate value which only depends
on the angle of shearing resistance φ. The second algorithm is valid for the
general case of Γ̂′ (θ∗s) 6= 0, i.e. θ∗s 6= ±π6 (and for the intermediate Lode’s
angle for the Mohr-Coulomb criterion).
To deal with the cusp at the apex of the surface a control of the validity of
the converged solution is needed, which in case of violation requires the use
of the third algorithm. The validity check is based on the simple observation
that the equivalent von Mises stress q is by definition a positive quantity.
As shown in Fig. 3 for a generic meridional section of the surface, given a
generic predictor q∗ the return algorithm either results in a non-negative or
in a negative value of q. In the former case the solution is clearly correct and
can be accepted, whereas the case of a negative q is theoretically incorrect.
Since the solution is unique and the positive q is excluded because it is
characterized by a uniquely defined plastic normal, then the only remaining
valid possibility is a return to an isotropic stress state which is associated to
an undefined plastic flow normal. Hence a third return algorithm needs to
be formulated to bring the stress state back to the apex of the yield surface.
First return algorithm: Γ̂′ (θ∗s) = 0.
Considerable simplifications occurs, as Eqs. (26), (25) and (22) indicate
that ∆εpθs = 0, θs = θ
∗
s and r ≡ q∗. The stress invariants at the end of
the increment can then be computed by solving a single non-linear scalar
equation in the unknown ∆λ according to the step sequence:
• choose a starting trial value for ∆λ;
• evaluate σ0(∆λ) using the hardening/softening law;
• compute p using the first of Eqs. (23);
• compute q from Eq. (21),
• iterate on ∆λ until f = qΓ (θ∗s) +Mp− σ0 (λ) = 0 2;
2It should be noted that if a linear isotropic hardening/softening law is adopted
σ0(λ) = σ̄0 + h (λn + ∆λ) (27)
then a close form solution for ∆λ can be obtained
∆λ =
q∗Γ (θ∗s ) +Mp
∗ − σ̄0 − hλn





• check the validity of the converged solution: If q ≥ 0 the solution is
valid, otherwise the third algorithm needs to be run to return to the
apex of the yield surface.
If the converged solution is valid, all stress tensors at time tn+1 can be
easily evaluated, in terms of the stress invariants p, q and θs and of the
predictor quantities using Eqs. (23) and remembering that since θs = θ
∗
s
then r ≡ q∗ and the stress and couple stress tensors can be updated using
the following equations 3









































Second return algorithm: Γ̂′ (θ∗s) 6= 0.
This is the general return algorithm for plastic potentials with a non-circular
deviatoric section. In this case the Lode’s angle θs at the end of the pseudo
time interval is different from its predictor θ∗s . As in the previous situation,
3The symmetric component of the deviatoric stress tensor at time tn1 is also propor-
tional to q/q∗. Since in the first return algorithm Γ̂′(θs) = 0, only the second term on the


















































stresses and couple stresses at time tn+1 are obtained by solving a single non-
linear scalar equation, but iteration are now performed on θs (for example
by employing a dumped Newton’s method, restricting the solution in the
range −π/6 ≤ θs ≤ π/6) rather than on the plastic multiplier ∆λ according
to the step sequence:
• choose a starting trial value for θs;
• evaluate ∆λ using Eq. (24) as a function of θs (and of the predictors
of the stress invariants);
• evaluate σ0(∆λ) using the hardening/softening law;
• evaluate p using the first of Eqs. (23);
• evaluate r and q using Eqs. (22) and (21) ;
• iterate on θs until f = qΓ (θ∗s) +Mp− σ0 (λ) = 0;
• check the validity of the converged solution: If q ≥ 0 the solution is
valid, otherwise the third algorithm needs to be run to return to the
apex of the yield surface.
If the converged solution is valid, the stresses at time tn+1 need to be
evaluated following the following procedure.
• evaluate qs from the second of Eqs.(23);
• evaluate the ordered principal stresses of the symmetric part of the
stress tensor
˜

























where σI ≥ σII ≥ σIII 4;
• evaluate
˜















n∗i for the hypothesis of isotropy are the
principal directions of
˜
ε∗, which are know quantities for each pseudo-
time step. 5
• evaluate the remaining stress tensors using Eqs. (23);
• evaluate the Cosserat stress tensor using Eq. (32);
Third return algorithm: q < 0
If either of the previous return algorithms converge to q < 0 the solution
is not theoretically acceptable and a return to the apex is performed. The
yield condition then reduces to
Mp− σ0(λ) = 0 (35)
and after accountig for the first of Eqs. (23) a single non-linear scalar equa-
tion in ∆λ is obtained 6
Mp∗ −KMM̂∆λ− σ0(λ) = 0 (37)
whose iterative solution provides the value of ∆λ at time tn+1, whilst all

















4 Consistent jacobian matrices
The consistent tangent operator is required to achieve quadratic convergence
in the structural Newton loop (e.g Nagtegaal [9], Simo and Taylor, [15]). In
algorithms for classical Cauchy continuum it is a single fourth order tensor
5It should be noted that the evaluation of the eigenvectors of the strain predictor
˜
ε∗ is
actually not necessary, as, following Miehe (1998), [8]
˜












where ε∗i is the i−th ordered principal component of
˜
ε∗
6Let note that ∆λ can be computed analytically from Eq. (37) if the linear strain
hardening-softening law of Eq. (28) is employed. In this case it results:
∆λ =



















For the Cosserat continuum the number of the consistent operators increases
together with the number of stress tensors.
Since the approach presented in this paper to integrate the constitutive
law exploits the spectral decomposition of the symmetric part of the devia-
toric stress tensor, the computation of the consistent operator involves the
derivation of the eigenvalues and eigenvectors (or alternatively of the bases)
of that tensor. This is not a straight forward task for the special occurrences
of two (i.e. θs = ±π/6) or three (i.e. qs = 0) coinciding principal stresses,
when some of the derivatives become singular (e.g. Miehe [8], de Souza Neto
et al. [3]).
However, such difficulties can be easily overcome by formulating different
consistent tangent operators for each of the return algorithms described in
the previous section. When the second return algorithm applies (hence the
solution is valid and qs > 0) all eigenvalues are distinct since θs 6= ±π6 . The
derivatives of the spectral decomposition can be evaluated without problems
following the approach presented by Miehe [8].
On the other hand when the first or the third return algorithms applies
two or three of principal components, respectively, of
˜
σsym coincide and





as discussed in the previous section , no spectral decomposition is required
in both cases, since when the first return algorithm applies, stresses are
proportional to their predictors, whilst when the third algorithm applies the
symmetric tensor is spherical.
All necessary derivatives are provided in the appendix.
5 Biaxial compression tests
A first set of analyses was performed to simulate a biaxial compression test
on a specimen of an elastic-perfect plastic, non-associated, Mohr-Coulomb
material, characterized by a defect inclusion in its middle. Due to the sym-
metry of the problem, only half of the specimen was analysed, and its geom-
etry is shown in Fig. 4 together with the boundary conditions. A vertical
plane strain compression was applied, the initial stress being spherical. No
boundary conditions were imposed to the Cosserat rotational degrees of
freedom, the micro-volumes being hence allowed to rotate freely.
The analyses were conducted with three progressively finer meshes and
both on the Cauchy and the Cosserat continuum, the same set of common
parameters being used which is shown in Table 1. However in order to pre-
vent a very early crush of the analyses involving the Cauchy continuum, a
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f = 30°, f = 20° g
f = 20°, f = 10° g
p  = - 100 kPain




0.05 m x 0.1 m
Figure 4: Geometry of the domain used for analysing a biaxial compression
test. A defect inclusion is located in the middle of the specimen.
.
moderate non-associativity was used, characterized by an angle φg of the
plastic potential 33% lower than that used to define the yield surface φ.
The parameters of the defect inclusion only differ for the two angles φ and
φg and are shown in Fig. 4. A rounded Mohr-Coulomb model was used,
circumscribed to the original one which is otherwise characterized by dis-
continuities in the deviatoric plane. However, the rounding parameter β of
both the yield and the plastic potential surfaces was very close to unity, so
that the surfaces practically coincide with those of the original criterion.
The stress-strain curves in the axial direction, for the six analyses are
shown in Fig. 5. No structural softening was observed in the behaviour of
the Cauchy material. The stress-strain behaviour of both the Cauchy and
the Cosserat continuum is very similar, with the six curves very close to
one another. However whilst for the Cauchy material a slight decrees of
the failure load is observed as the mesh is refined, the three curves of the
Cosserat model are perfectly coincident.
Figure 6 shows contours of the plastic multiplier λ for the six analyses.
The capability of the Cosserat continuum to eliminate mesh sensitivity is
clearly apparent.
6 Analysis of a shallow strip footing
A shallow and rigid footing has been analysed in plane strain conditions
using either the Tresca or the Mohr-Coulomb, Matsuoka-Nakai and Lade-
Duncan models. Whilst the former is typically used to simulate undrained
pore water conditions, the latter set of models is adopted for the drained
17





















Figure 5: Biaxial compression test analyses of an elastic-perfect plastic, non
associated Mohr-Coulomb material with a moderate non associativity and
a defect inclusion: Cauchy vs Cosserat continua. Stress-strain curves.
Elastic Constit. Yield Plastic Hard.
constants model function potential law
G = 55000 kPa ci = 0
K = 33333 kPa Outer-Mohr φ = 30◦
φg = 20
◦ cf = 0
Gc = 5000 kPa Coulomb βf = 0.9999 aλ = 0
B = Bc = 5000 kN
Table 1: Parameters for biaxial test simulation
regime.
A 2m wide footing was subjected to vertical and centred loading con-
ditions. Due to the symmetry of the problem only half of the footing, i.e.
1m wide, was modeled together with a conservatively large 50m ×50m soil
domain to avoid any border effect.
The domain was discretized adopting a coarse and a fine mesh, char-
acterized by 3639 nodes and 1164 elements and 10009 nodes and 3272 ele-
ments, respectively (Fig. 7). All elements were quadratic with eight-nodes
each. The stiffness matrix and the stresses have been fully integrated for the
Cosserat continuum whilst a selective integration was used for the classical
Cauchy medium. All analyses have been performed under displacement con-
trol and model parameters are shown in Table 2. It should be noted that the
rounding parameter β for the yield and the plastic potential surfaces was set
for all analyses close enough to unity, so that the rounded deviatoric sections
were very close to those of the original Tresca and Mohr-Coulomb surfaces.
Moreover, since the analyses were conducted in plane strain conditions, the
18
(a) Cauchy: mesh 1 (b) Cauchy: mesh 2 (c) Cauchy: mesh 3
(d) Cosserat: mesh 1 (e) Cossserat: mesh 2 (f) Cosserat: mesh 3
Figure 6: Biaxial compression test analyses of an elastic-perfect plastic, non
associated Mohr-Coulomb material: Cauchy vs Cosserat continua. Contour
plots of accumulated average plastic plastic multiplier λ.
wryness tensor
˜
χ is deviatoric. This is the consequence of the restrained
variation along the out of plane direction of the only available component of
the rotation vectors (which is along the same direction). Hence the Cosserat
elastic parameter T plays no role in the analyses.
6.1 Tresca soil
Analyses were conducted for both the Cauchy and the Cosserat continua
adopting the Tresca criterion to describe both the yield and the plastic
potential surfaces, so that an associated flow occurred. A perfect plastic or
a softening behaviour was considered, the latter being defined by a high rate
exponential rule as described in Part I of this paper. No lateral surcharge
19
Figure 7: Meshes employed to simulate the strip footing under plane strain
conditions: coarse mesh (a) and fine mesh (b)
Common params,
G = 4166.7 MPa, K = 5555.6 MPa
Cauchy
Common params, G = 4166.7 MPa, K = 5555.6 MPa,
Cosserat Gc = 250 MPa, B = Bc = 250 MN
Strip footing βf = 0.999, ci = 490 kPa, cf = 0 kPa,
Tresca soil aλ = 10 (softening), aλ = 0 (perf.plast.),
Nc −Nγ φ = 25◦, ci = 464.49 kPa, γ = 18 kN/m3,
problem cf = 0 kPa, aλ = 0 (φg = 10
◦ non-associated flow)
Nγ problem
φ = 25◦, ci = 0 kPa, γ = 18 kN/m
3,
cf = 0 kPa, aλ = 0 (φg = 0.5
◦ non-associated flow),
(βf = 0.9999 for Outer-Mohr-Coulomb)
Table 2: Parameters for shallow strip footing analyses.
and a frictionless interface at the soil-footing contact were assumed.
Fig. 8 shows the load-displacement curves for analyses conducted in
associated perfect plasticity for the Cauchy and Cosserat continua. The
bering pressures q̄b and the vertical displacements ū have been normalized
with respect to the undrained shear strength Su and the breath B̄ = 2m of
the foundation, respectively. The dash-dotted line in the diagram shows the




= 2 + π
of the Prandtl’s solution [13] valid for associated perfect plasticity in the
absence of a lateral surcharge.
Fig. 9 shows the load-displacement curves of the analyses conducted in
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Cauchy plasticity, coarse mesh
Cauchy plasticity, fine mesh
Cosserat plasticity, coarse mesh
Cosserat plasticity, fine mesh
Prandtl limit analysis solution
Figure 8: Strip footing, Tresca soil and perfect plasticity, load-displacement
curve
associated plasticity and exponential softening, for the Cauchy and Cosserat
continua using both coarse and fine meshes.
As expected, Fig. 8 clearly indicates that there is no appreciable mesh
dependency when analyses are conducted adopting perfect and associated
plasticity. The result is confirmed for both the Cauchy and the Cosserat
continua.
However when softening is included in the Cauchy continuum different
load-displacement curves are obtained for the coarse and fine meshes, show-
ing as expected the existence of strong mesh dependencies (Fig. 9). No such
effect exists for the Cosserat continuum, since the curves of the two analyses
conducted with the coarse and the fine meshes perfectly coincide, confirm-
ing the effectiveness of such a continuum to provide a mesh independent
solution.
In the case of perfect associated plasticity the results of the analyses
provide a bearing capacity factor very close to Nc = 2 + π of the theoretical
Prandtl solution. As expected both the Cauchy and the Cosserat continua
slightly overestimate that value by 1.1% and 2.4% respectively (Fig. 8).
When an exponential softening is included (Fig. 9) all four analyses for
the coarse and fine meshes and for the Cauchy and the Cosserat are very
close to one another until a peak is attained. Thereafter they diverge, the
latter continuum exhibiting the least reduction in bearing capacity factor.
The reduction in bearing capacity is presumably associated to a progressive
failure effect caused by the exponential reduction in the undrained strength.
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Cauchy plasticity, coarse mesh
Cauchy plasticity, fine mesh
Cosserat plasticity, coarse mesh
Cosserat plasticity, fine mesh
Figure 9: Strip footing, Tresca soil and exponential softening law, load-
displacement curve
6.2 Mohr-Coulomb, Matsuoka-Nakai and Lade-Duncan soils
The so-called pure Nγ problem was investigated. The yield and the plastic
potential surfaces were defined by the Mohr-Coulomb, Matsuoka-Nakai and
Lade-Duncan criteria, both in associated and non-associated plasticity, the
latter being achieved by using a different set of parameters for the plastic
potential. No hardening/softening behaviour was included. The horizontal
displacement of the footing nodes was restrained to simulate a perfect rough
interface.
Figure 10 shows a comparison between analyses conducted on the Cauchy
and the Cosserat continua, in associated perfect plasticity. Theoretical val-
ues of Nγ for the three constitutive models are also shown for comparison.
These were obtained by means of the limit analyses using the ABC software
[7] in combination with the findings of Lagioia and Panteghini [5]. Results
indicate that the bearing capacity in Cauchy perfect plasticity coincides with
that obtained from the limit analyses for all three failure criteria, whilst for
the Cosserat continuum consistently larger values for all models were ob-
served. However for the Mohr-Coulomb criterion the difference between the
Cauchy and the Cosserat bearing capacity was not significant.
The same set of analyses was also conducted with an extreme non-
associated plastic flow, by setting the angle φg of the plastic potential vir-
tually to zero (φg = 0.5
◦). As expeteced, the analyses on the Cauchy con-
tinuum crushed straight away, without performing even the first load step.
On the contrary no problems were encountered with the Cosserat material.
Moreover all analyses were concluded in just a few minutes on a portable
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Figure 10: Strip footing on Mohr-Coulomb, Matsuoka-Nakai and Lade-
Duncan soils in associated plasticity.
computer. The Nγ-displacement curves are shown in Fig. 11.
A final set of analyses was conducted on the Matsuoka-Nakai soil, with
the aim of comparing associated and non-associated plasticity for both the
Cauchy and the Cosserat continuum. In order to manage to avoid crushing
of the analyses involving the former medium, a moderate non-associativity
was used, setting the difference between the angles φ and φg to 15
◦. As this
remedy alone was not enough, an effective cohesion was also introduced in
the yield surface (see Table 2).
Figure 12 shows that no mesh sensitivity occurs with the Cosserat con-
tinuum since the analyses of the coarse and the fine meshes yielded identical
results both in associated and non-associated plasticity. As expected, the
same conclusion can be drawn for the Cauchy medium in associated plas-
ticity. However mesh sensitivity and structural softening emerged when the
flow was non associated.
7 Conclusions
A Finite Element procedure for the integration of the elasto-plastic constitu-
tive model described in part I of this paper for the Cosserat continuum has
been implemented using a full backward Euler predictor/corrector scheme
into a proprietary Finite Element program. The integration algorithm is
an extension to the Cosserat medium of that proposed by Panteghini and
Lagioia [11] for the classical Cauchy/Maxwell continuum.
At variance with other approaches available in the literature, which
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Figure 11: Strip footing on Mohr-Coulomb, Matsuoka-Nakai and Lade-
Duncans Cosserat soils with a limit non-associated plasticity.
adopt as principal variables either the six components of the strain ten-
sor or its principal values, the Panteghini and Lagioia scheme is based on
invariants and results in a number of important benefits. First of all the
integration requires the solution of a single equation in a single unknown,
which brings considerable speed improvements as compared to the system of
seven by seven and four by four equations and unknowns necessary for the
other two approaches. Moreover no difficulties are encountered when two
and/or three of the principal stresses coincide. Finally the use of invariants
anables the adoption of the technique proposed by De Souza Neto et al. [3]
to deal with the singularity at the apex of the yield and plastic potential
surfaces.
The drawback of the adoption of an implicit integration with the Cosserat
continuum is the large amount of calculations required, since nine consis-
tent tangent operators needs to be derived. However since the constitutive
model proposed in part I of this paper was formulated to allow the use of
multiple classical yield criteria, which are relevant in both research and en-
gineering practice, and since these criteria are highly non-linear, the choice
of an implicit algorithm is recommended. This is in fact the only one which
ensures unconditional stability with highly non-linear surfaces. Moreover
the use of consistent tangent operators results in a quadratic convergence of
the structural Newton loop.
The reward of the adoption of the proposed integration scheme is consid-
erable. Analyses with a large number of elements and nodes were completed
within a couple of minutes and no numerical difficulties were ever encoun-
tered, despite the fact that a very demanding boundary value problem was
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Cauchy, associated, coarse mesh
Cauchy, associated, fine mesh
Cauchy, non associated, coarse mesh
Cauchy, non associated, fine mesh
Cosserat, associated, coarse mesh
Cosserat, associated, fine mesh
Cosserat, non associated, coarse mesh
Cosserat, non associated, fine mesh
Figure 12: Strip footing on Matsuoka-Nakai soil with moderate non-
associativity and cohesion.
investigated.
A first set of analyses was conducted to model a biaxial compression test
in plane strain conditions on a Mohr-Coulomb elastic-perfect plastic material
with non-associated flow. A defect inclusion was included in the middle
of the specimen. The comparison of the Cauchy and Cosserat continuua,
clearly confirm the capability of the latter to remove mesh sensitivity.
A plane strain shallow footing problem has been considered next, the soil
behaviour being reproduced either with a Tresca or with a Mohr-Coulomb,
Matsuoka-Nakai and Lade-Duncan models. The analyses conducted with the
latter model indicate that the Cauchy and the Cosserat continuum exhibit
the same load-displacement curves, with no mesh sensitivity, when a perfect
plastic and associated behaviour is considered. However the introduction
of a very non linear softening results in mesh sensitivity for the Cauchy
medium, whilst the such effect emerges for the Cosserat.
The set of analyses performed with the Mohr-Coulomb, Matsuoka-Nakai
and Lade-Duncan materials shows that the Cosserat continuum is effective
in removing mesh sensitivity, structural softening and early crush of the
analyses when non associated flow is considered.
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7(2):1–6, jun 2017.
[6] Alexander M Lester and Scott W Sloan. A smooth hyperbolic approx-
imation to the Generalised Classical yield function, including a true
inner rounding of the Mohr-Coulomb deviatoric section. Computers
and Geotechnics, 104:331–357, dec 2018.
[7] C M Martin. User Guide for ABC – Analysis of Bearing Capacity
Version 1 . 0 Department of Engineering Science University of Oxford,
2004.
[8] C. Miehe. Comparison of two algorithms for the computation of fourth-
order isotropic tensor functions. Comput Struct, 66(1):37 – 43, 1998.
[9] Joop C. Nagtegaal. On the implementation of inelastic constitutive
equations with special reference to large deformation problems. Com-
puter Methods in Applied Mechanics and Engineering, 33(1-3):469–484,
1982.
[10] A. Panteghini and R. Lagioia. A fully convex reformulation of the
original Matsuoka-Nakai failure criterion and its implicit numerically
efficient integration algorithm. Int J Numer Anal Met, 38(6):593–614,
2014.
[11] A. Panteghini and R. Lagioia. An approach for providing quasi-
convexity to yield functions and a generalized implicit integration
scheme for isotropic constitutive models based on 2 unknowns. Int
J Numer Anal Met, 42(6):829–855, 2018.
[12] Andrea Panteghini and Rocco Lagioia. A single numerically efficient
equation for approximating the Mohr-Coulomb and the Matsuoka-
Nakai failure criteria with rounded edges and apex. International Jour-
26
nal for Numerical and Analytical Methods in Geomechanics, 38(4):349–
369, mar 2014.
[13] L. Prandtl. Uber die Harte Plastischer Korper. Nachrichten
von der Koeniglichen Gesellschaft der Wissenschaften zu Goettingen,
Mathematisch-physikalische Klasse, pages 74–85, 1920.
[14] Sepideh Alizadeh Sabet and R. de Borst. Structural softening, mesh
dependence, and regularisation in non-associated plastic flow. Interna-
tional Journal for Numerical and Analytical Methods in Geomechanics,
43(13):2170–2183, sep 2019.
[15] J.C. Simo and R.L. Taylor. Consistent tangent operators for rate-
independent elastoplasticity. Computer Methods in Applied Mechanics
and Engineering, 48(1):107–118, 1985.
[16] Claudio Tamagnini, Riccardo Castellanza, and Roberto Nova. A Gen-
eralized Backward Euler algorithm for the numerical integration of an
isotropic hardening elastoplastic model for mechanical and chemical
degradation of bonded geomaterials. International Journal for Nu-
merical and Analytical Methods in Geomechanics, 26(10):963–1004, aug
2002.
[17] O.C. Zienkiewicz, R.L. Taylor, and J.Z. Zhu. The Finite Ele-
ment Method: Its Basis and Fundamentals. Elsevier Butterworth-
Heinemann, Oxford, UK, 2005.
Appendix A Finite Elements formulation
The proposed Finite Elements (FE) formulation is based on a spatial dis-




θ, whose nodal values are contained in the
vector of the generalized displacements ˆ
¯
ug. In the general three-dimensional
case it is a vector of 6n̂ components, n̂ being the total number of nodes of
the element, which reduces to 3n̂ for planar problems.
The spatial discretization is based on the choice of the shape functions
N (i)(ξ, η, ζ), where i = 1, ...n̂, with ξ = [−1, 1], η = [−1, 1], ζ = [−1, 1] in-
dicate the intrinsic parent element coordinates. The same shape functions
are adopted to discretize both the geometry (i.e., to map the real coor-
dinates
¯
x with respect to the intrinsic coordinates
¯
ξ) and the generalized
displacements
¯
ug. It is then assumed:
¯
x(ξ, η, ζ) =
n̂∑
i=1

























g are respectively the vectors of the coordinates and of
the generalized displacements of the i−th node. Once this discretization
has been adopeted, the vectors ˇ
¯
ε(ξ, η, ζ), ˇ
¯
ω(ξ, η, ζ) and ˇ
¯
χ(ξ, η, ζ), contain-




ω(ξ, η, ζ) and
˜
χ(ξ, η, ζ) respec-




















where the matrices B(ξ, η, ζ), W(ξ, η, ζ) and M(ξ, η, ζ) are functions of the
assumed shape functions and of their spatial derivatives. The complete
description of these matrices for the plane strain case is reported in Appendix
D.















































µ respectively. To obtain the internal nodal forces
F̂int one must differentiate this last expression with respect to the variation


















The integration of this last equation requires the transformation between
real and intrinsic coordinate system, following the standard approach (see
for instance [17]) and is here omitted for sake of brevity. The consistent
stiffness matrix K is necessary in a FE approach, and it is specifically re-
quired to assure second-order convergence of the Newton-Raphson scheme
employed to solve the nonlinear algebraic system F̂int = F̂ext. It is obtained
differentiating Eq. (44) with respect to the nodal variables ˆ
¯


















































































































χ) contain the com-






































spectively. These tensors are the jacobians of the stresses with respect to
the strains and, in order to achieve quadratic convergence, they must be
computed consistently with the stress integration algorithm.



























































Appendix C Consistent Jacobian operators
C.0.1 Consistent operator for the linear elastic response










µ∗ and the consistent tangent operators coincide with the elastic fourth
order stiffness tensors.
C.0.2 Consistent operator for the first return algorithm






































































































































































































































































































































































































































































































































































































































































C.0.3 Consistent operator for the second return algorithm
The construction of the consistent tangent operator in the general case of
the second return algorithm requires the evaluation of the derivative of Eq.




























ε) is the spin of the principal directions. Since, at
variance with standard approaches, all principal stresses in the general case
of the second return algorithm are distinct, and the principal directions
of the symmetric stress state
˜
σsym at time tn+1 coincide with those of its
predictor
˜
σ∗sym or, equivalently, of
˜






























σsym with respect the other Cosserat strain tensors is




































The others consistent jacobians operators are constructed by deriving the







































































































































































whilst all required derivatives are
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































The computation of the derivatives of the stress invariants p, q, θs and
of the principal stress components with respect to the strain increments is
standard, and it is reported in Appendix.



















































































Appendix D Matrices for 2D plane strain FE











































































































































0 0 0 .. 0 0 0
0 0 0 .. 0 0 0








































χ containing the components of the tensor
˜
χ can be computed
as:
¯
χ =
[
∂θz
∂x
∂θz
∂y
]T
= M
¯
ug (84)
M =
0 0
∂N (1)
∂x
.. 0 0
∂N (n̂)
∂x
0 0
∂N (1)
∂y
.. 0 0
∂N (n̂)
∂y
 (85)
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